MacWilliams type of identities for the Lee, Symmetric and Hamming enumerator polynomials of linear codes over the ring R k are determined and examples illustrating the main results are given.
Introduction
MacWilliams identities for weight enumerator polynomials are one of the main concepts in Coding Theory and have been studied by several researchers on codes over various type of alphabets, mainly finite fields. In [4] it has been shown that MacWilliams identities are valid for linear codes over (finite) Frobenius rings. In [3] MacWilliams identities for the Lee, Symmetric and Hamming enumerator polynomials of a linear code and its dual defined over the ring R 2 = F 2 [x 1 , x 2 / x 2 0 , x 2 1 = F 2 + uF 2 + vF 2 + uvF 2 are discussed. In this note the same type of identities are provided for linear codes over the ring R k = F 2 [x 1 , ..., x k / x 2 0 , ..., x 2 k , where k ≥ 1 is an integer, generalizing the case R 2 . Also, the Lee weight polynomial enumerator of the ring R k is determined. The note is organized as follows: in Section 2 basic results on the ring R k are recalled, and the Lee weight distribution of this ring is given in Section 3. Section 4 is devoted to the determination of the MacWilliams identities, and in Section 5, examples illustrating the main results are provided.
The ring R k
In this section the definition and basic facts about the ring R k as well as the Lee weight and the Gray map on this ring are recalled. For details we refer the reader to [1] .
Let k ≥ 1 be an integer and let
The ring R k has several properties including the following:
where
• It is a local ring:
• It is a Frobenius ring with minimal ideal
The ring R k is a R k−1 -module of rank 2, i.e., it can be identified with
It is easy to see that the Gray map φ k is F 2 -linear and its properties include the following: if C is a R k -linear code and C ⊥ it dual, then:
The Lee weight, wt L , on the ring R k is defined as follows: 
The Lee weight distribution of R k
In this section the Lee weight enumerator polynomial of the ring R k is determined.
In order to see the general result we start with the first two cases.
The ring R 1 . It is easy to see that the Lee weight of the elements of the ring
The ring R 2 . In [3] the Lee weight of the elements of the ring
Thus the Lee weight enumerator polynomial of R 2 is:
The above examples lead to the following 
Proof. The proof is by induction on k. For k = 1, 2 as shown above the result is true. Assume now that the result is valid for k. As it is shown in [1] , R k+1 is an R k -module of rank 2:
An element α ∈ R k+1 can be identified with the pair (a, b) ∈ R q which is the number of pairs with the desired property.
We illustrate the above result for the case of the ring R 3 . This ring has 2 2 3 = 2 8 = 256 elements and, according to Theorem 3.1, for instance, it has 2 
The Identities
In this section the Lee, Symmetric and Hamming weight enumerator polynomials of a linear code defined over the ring R k are introduced and it is shown that the Lee and Hamming weight enumerator polynomials can be determined from the Symmetric enumerator polynomial. Furthermore, the MacWilliams identities for the Lee and Hamming weight enumerator polynomial of a linear code over R k and its dual are determined.
Definition 4.1. Let C be a linear code of length n over the ring R k and let C ⊥ be its dual code.
• The Lee weight enumerator polynomial of the code C is
• The Hamming weight enumerator polynomial of the code C is
• The Symmetric weight enumerator polynomial of the code C is
We have the following 
2) H C (x, y) = S C (x, y, ..., y).
. By observing that n 0 (c) + wt H (c) = n and setting 
The Symmetric weight enumerator polynomial of C and C ⊥ satisfies the
MacWilliams identity:
The Hamming weight enumerator polynomial of C and C
⊥ satisfies the MacWilliams identity:
where t = 2 k also.
Examples
In this section an example is provided illustrating the above MacWilliams identities.
Let χ = u 1 · · · u k and let C be the R k -linear code of length n generated by the element (χ, , , , , χ) , i.e., {(0, ..., 0), (χ, ..., χ) }.
It is easy to see that the Lee weight enumerator of this code is L C (x, y) = x 2 k n + y Thus,
and according to Theorem 3.3, 1), the Lee weight enumerator polynomial of the dual code C ⊥ is:
In a similar fashion the Symmetric and Hamming weight enumerator polynomials of the dual code C ⊥ can be determined.
